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Three-Dimensional Analytic Model of Vibrational
Energy Transfer in Molecule-Molecule Collisions
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A three-dimensional semiclassical analytic model of vibrational energy transfer in collisions between two rotating
diatomic molecules has been extended for molecule-molecule collision. The model is based on analysis of classical
trajectories of free-rotating (FR) molecules acted upon by a superposition of repulsive exponential atom-to-atom
potentials. The energy transfer probabilities have been evaluated using the nonperturbative Forced Harmonic
Oscillator (FHO) model. The model predicts the probabilities for vibrational energy transfer as functions of the
total collision energy, orientation of molecules during a collision, their rotational energies, and impact parameter.
The model predictions have been compared with the results of three-dimensional close-coupled semiclassical
trajectory calculations using the same potential energy surface. The comparison demonstrates not only remarkably
good agreement between the analytic and numerical probabilities across a wide range of collision energies, but
also shows that the analytic FHO-FR model correctly reproduces the probability dependence on other collision
parameters such as rotation angles, angular momentum angles, rotational energies, and impact parameter. The
model equally well predicts the cross sections of single-quantum and multiquantum transitions and is applicable
up to very high collision energies and quantum numbers. Most importantly, the resultant analytic expressions
for the probabilities do not contain any arbitrary adjustable parameters commonly referred to as steric factors.
The present work essentially completes development of the analytic rate database for vibrational energy transfer

among air species, increasing the range of applicability of the FHO-FR model.

I. Introduction

IBRATIONAL energy transfer processes in collisions of di-

atomic molecules play an extremely important role in gas dis-
charges, molecular lasers, plasma chemical reactors, high-enthalpy
gas dynamic flows, and in the physics of the upper atmosphere. In
these nonequilibriumenvironmentsthe energy loading per molecule
can be as high as 0.1-5.0 eV, whereas disequipartitionamong trans-
lational, vibrational, and electronic energy modes of heavy species,
and with the free electron energy, can be very strong. This often
results in developmentand maintaining of strongly nonequilibrium
molecular vibrational energy distributions, which induce a variety
of energy transfer processes among different energy modes and
species, chemical reactions, and ionization.!= The rates of these
processesare determined by the populationsof high vibrationallev-
els of molecules, which are often controlled by vibration-vibration-
translation (V-V-T) processes

AB(i;) + CD(iy) — AB(f}) + CD(f») o))

In Eq. (1) AB and CD represent diatomic molecules and an atom,
respectively,and iy, i, f1, and f, are vibrational quantum numbers.
Traditionally, these processesare separatedinto two separate modes:
1) vibration-translation (V-T) processes [i, = f, in Eq. (1)] and
2) vibration-vibration(V-V) processes [i; — f1 = f> — i, in Eq.(1)].
At thelow temperaturesthe V-T processesare typically much slower
than V-V energy transfer.

Quantitative data on the mechanisms and kinetic rates of these
processesare needed for numerous practical applications,including
novel chemical technologies, environmental pollution control, and
radiation prediction in aerospace propulsion flows, in high-altitude
rocket plumes and behind shock waves. In addition, recent results
demonstrate that strong vibrational disequilibrium can be sustained
in CO-seeded atmospheric pressure air, optically pumped by a low-
power c.w. CO laser.* This opens a possibility of creating stable
large-volume high-pressure air plasmas. Insight into kinetics of
these plasmas also requires knowledge of V-T and V-V rates in
CO, Nz, and 02.
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There exists an extensive literature on the experimental study of
V-T and V-V energy transfer, including recent state-specific rate
measurements for highly vibrationally excited molecules, such as
NO, O,,and CO (Refs. 5-9). However, for many energy transferpro-
cesses among high vibrational quantum numbers the experimental
rate data are still unavailable. As a result, most such rates used in
applied kinetic modeling are based on theoretical scattering cal-
culations. Among numerous theoretical rate models available, one
can separate the following major approaches: 1) fully quantum cal-
culations; 2) classical, quasiclassical, and semiclassical numerical
trajectory calculations; and 3) analytic methods.

Because the exact quantum calculations are rather computation-
ally laborious, they have been usually made for a simplified model of
collinearcollisionsof harmonicoscillatorsand used as tests for more
approximate approaches.°~12 However, some three-dimensional
calculations of the state-specific vibrational energy transfer rates
for O,-0, using vibrational close-coupling infinite-order sudden
approximation have been recently published.!?

Classical and quasiclassical trajectory methods, such as used for
calculationsof vibrationalrelaxationrates for O,-Ar (Ref. 14), N,—
N, and O,-O (Refs. 15 and 16), are applicable only for calculation
of rather large transition probabilities. For accurate predictions of
small transition probabilities P < 1, a large number of collision
trajectories N ~ 1/P have to be averaged.

Among semiclassical calculations, one can mention the close-
coupled method developed by Billing and validated by comparison
with the exact quantum calculations, as well as with experimental
data.'” Trajectory calculations by this method have been made for
a number of species such as Hy, N,, O,, and CO (Refs. 18-23) in a
wide range of collision energies and vibrational quantum numbers.
These results comprise perhaps the most extensive and consistent
vibrational energy transfer rate database.

In addition to some fundamental problems encountered in cal-
culations by these advanced methods (such as the choice of the
three-dimensional potential energy surface), their results are often
difficult to interpret and use in kinetic modeling calculations. First,
it is not always possible to identify the key energy transfer mecha-
nisms that control the cross sections obtained. Second, the number
of the state-specific rates used as entries in modern master equa-
tion kinetic models for studies of strongly nonequilibrium gases
and plasmas can reach 10*-10°. Even if some of these rate data are
available from three-dimensionalcomputer calculations, one has to
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rely on curve-fitting, unreliable extrapolation,or inaccurateanalytic
parametrization to incorporate the rates into the model. As a result,
such kinetic models do not provide new insight into kinetics, have
limited applicability, and lack predictive capability.

Approximate analytic rate expressionsare also widely used in ki-
netic modeling, mostly because of their simplicity. However, avail-
able analytic models have serious inherent flaws that make them
much less reliable and accurate compared to numerical scattering
calculations. First, most of these models, such as the Schwartz,
Slawsky, Herzfeld (SSH) theory, Rapp-Englander-Golden model,
Sharma-Brau theory, etc.,>*~7 are based on first-order perturbation
theory and therefore cannot be applied at high collision energies,
high quantumnumbers,and for multiquantumprocesses[|i — f| > 1
in Egs. (1) and (2)]. An exception is the nonperturbative Forced
Harmonic Oscillator (FHO) model,?®~3! which takes into account
the coupling of many vibrational states during a collision, and is
therefore applicable for such conditions. Second, analytic models
are typically developed only for collinear collisions of nonrotating
molecules. A procedurecommonly used to account for the effects of
realistic three-dimensional collisions and molecular rotation is the
introduction of adjustable correction parameters (“steric factors”)
into the resultant rate expression>? These coefficients, which are
assumed to be temperature independent, have very little or no theo-
retical basis and are found from comparison of a simple model with
experiments or three-dimensionalcalculations.

There have been various attempts to develop nonempirical ex-
pressions for the steric factors and also to incorporate the effect of
rotation into analytic models *?~° In most of them, the simplifying
assumptions made, such as analyzing of collisions of arbitrarily ori-
ented, but nonrotating,molecules,32 or, on the contrary, considering
only collisionsofrapidlyrotating “breathingspheres”(i.e., isotropic
three-dimensionaloscillators),>3~3° were unrealistic.In addition, the
coupled effects of orientation of colliding partners, molecular rota-
tion, and nonzero impact parameter collisions have been analyzed
separately. Finally, the procedure of comparison between the ex-
perimental relaxation rates and the analytic rates corrected for non-
collinear orientation and rotation, used by some authors to validate
theoretically obtained values of the steric factors, is hardly conclu-
sive. In such cases the agreement obtained might well be caused
by the formal adjustmentof the intermolecularpotential parameters
used, i.e., to a curve fitting. The only credible procedure for analytic
model validation would be comparing its predictions with the re-
sults of three-dimensionalnumerical calculationsmade for the same
potential energy surface.

The present paper discusses further developmentof a semiclassi-
calanalyticvibrationalrelaxationmodel thatincorporatesthe effects
of three-dimensionalcollisions and molecular rotation [ Forced Har-
monic Oscillator-Free Rotator (FHO-FR) model.3%3] It is a follow
up on our previous publication” where we analyzedenergy transfer
in collisions between a diatomic molecule and an atom. Previous
results demonstrated not only remarkably good agreement between
the analytic and numerical probabilitiesacross a wide range of col-
lision energies, but also showed that the analytic FHO-FR model
correctly reproduces the probability dependence on other collision
parameters such as rotation angle, angular momentum angle, rota-
tional energy, impact parameter, and collision reduced mass. The
model equally well predicted the cross sections of single-quantum
and multiquantum transitions up to very high collision energies and
quantum numbers.

The main goal of the present study is development of analytic
transition probabilities that are in agreement with trajectory calcu-
lations and that can be easily incorporatedin nonequilibriumkinetic
models. Such a model would give new insight into mechanisms of
vibrational relaxation, as well as bridge the gap between state-of-
the-art theoretical scattering techniques and their use for practical
applications.

II. Collision Trajectories and Transition Probabilities
The analysis of the dynamics of collisions between two rotating
symmetric diatomic molecules is a straightforwardextension of the
procedure used for atom-molecule collisions in Ref. 37. The trans-
lational motion and the three-dimensionalrotation of the molecules
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Fig.1 Schematic of the collision geometry.

are assumed to be uncoupled, and the latter is unaffected by the
collision, i.e., free. Then the only effect of rotation on the collision
trajectoryis the periodic modulationof the interactionpotential. The
assumption of free rotation is quite similar to the basic assumption
made in all semiclassical theories, which evaluate the translational-
rotational trajectory uncoupled from the vibrational motion of the
oscillator. Also, instead of relying on perturbation theory, the ex-
act semiclassical solution of the Schrodinger equation (the FHO
theory®®=3!) is used to evaluate the vibrational transition probabil-
ities. This expands the applicability of the model to high collision
energies and allows prediction of multiquantum vibrational transi-
tion rates.

Consider a three-dimensional collision of two symmetric
molecules (Fig. 1). For the pairwise atom-to-atom interaction de-
scribed by arepulsive exponentialfunction U; (R;) = A exp(—aR;),
where R; is the distance between the atoms, the atom-molecule in-
teraction potential can be written as follows:

U(R,r, %1, @1, %2, 93) = 4Ae™*R cosh[(ar/2) cos @ cos ¢;]
x cosh[(ar/2) cos ¥, cos @] 2)

In Eq. (2) R is the center-of-mass distance, r is the separation of
atoms in a molecule, ¢, and 9%, are the rotationangles,and ¢, and ¢,
are the angles between the plane of rotationand the velocity vectory
(Fig. 1). Because the rotation is assumed to be free, neither the mag-
nitude nor the direction of the angular momentum vectors change in
a collision. That gives ¥; (t) = ¥ + 2;¢, @; (f) = ¢;0, Wwhere ; are
the constant angular velocities of molecular rotation and the sub-
script O means “at the point of maximum interaction,” where U is
maximum. To calculate the semiclassical trajectory R(f), we also
assume r (t) =r,, where r, is the equilibrium atom separation. One
can see that the potential (2) consists of the exponentialtranslational
part modulated by the periodic rotational factors. If the rotation is
not very rapid, the modulation can substantially change the shape of
the time-dependentperturbation U (R, t), where R(f) = R(t) — Ry
and R, is the “collision diameter” (the distance at the maximum
interaction point). The classical equation of motion for this po-
tential mR (1) = — U (R, t)/()k (m is the collision reduced mass)
can be easily solved if the rotation is slow, so that the potential
U(R,r,,t)=U(R,t) can be expanded near the point of maximum
interaction R;.

This approach also allows incorporation of nonzero impact pa-
rameter collisions by taking into account only radial relative mo-
tion of the colliding partners R(f) in the vicinity of the maxi-
mum interaction point. Then the translational energy of collision
E,=E—FE . ,—E,.isreplacedby the energy of the radial motion
Erad = (E - Erol.l - EroI.Z)[l —bz/R(t)z] = (E - Erol.l - Erol.Z)(l —
b?/R?) (the so-called modified wave-number approximatior™).
Here E is the total collision energy, Eq =mg_in.2rL,2/2 are rota-
tional energies of the molecules, m,; are the oscillator reduced
masses, and b is the impact parameter. This approach is justifiable
for short-range repulsive interactions when the energy transfer is
determined by a small portion of the trajectory near the maximum
interaction point.3® The resultant expression for the trajectory is
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Equation (3) describes a parametric set of three-dimensionaltrajec-
tories with the same total collisionenergy E and various values of ro-
tationalenergies,impact parameter,and orientationof collisionpart-
ners, characterized by a single factor y = (¢, y, 910, 10, Y20, ¥20),
which is given by Eq. (4). In Eq. (4), & = E,o;/E, and y =b*/R2.
The factor Ey? in Eq. (3) can be interpreted as the effective
collision energy. One can see that at &; =y =10, =¢;0=0 one
has y =1, E=E,, and the trajectory coincides with the one-
dimensional result for a head-on collinear collision of two non-
rotating molecules.*

The applicability of Egs. (3) and (4) is limited to relatively slow
molecular rotation > when

+ & = (Esg1 + Eron)/E < i(l——yz)
€1 & = rot, 1 rot,2 / ~ 2 (1 _ y2/2)
so that the collision trajectory of a rapidly rotating molecule can-
not be accurately predicted, especially at large impact parameters.
However, the contributionof such collisionsto the overall transition
probability as a function of the total collision energy E is expected
to be small (see discussion in Ref. 37). Therefore, in the present
paper we disregard such collisions. Later we will show that this
assumption is consistent with the results of the three-dimensional
trajectory calculations.

Having calculated the free rotation collision trajectory (3) and
(4), we can evaluate the semiclassical vibrational energy transfer
probabilities P (i1, i, — fi, f»), where i and f are initial and final
vibrational quantum numbers, respectively. For this we will use the
FHO theory,?®™3! a nonperturbative analytic model, originally de-
veloped for collinear collisions of nonrotating diatomic molecules.
This model is based on the exact solution of the Schrodinger equa-
tion for the intermolecular potential U (R, r, ¥;, ¢;) linearized in
r and therefore takes into account the coupling of all vibrational
quantum states during a collision. It is applicable up to high col-
lision energies and vibrational quantum numbers, as well as for
multiquantum transitions. The scaling law predicted by this model,
i.e., the probability dependence on the vibrational quantum num-
bers, is independent of the interaction potential. Unfortunately,
the exact FHO expression for a general V-V-T process probabil-
ity P(iy, i, — fi, f») is extremely cumbersome >* However, FHO
probabilities of the V-T processes P (i;, 0 — fi, 0) and of the V-V
process P(iy, i, = fi, f2), i1— fi = fa—i2, are much simpler. They

)

are given by the following relations®”-404!:
. )y
P, 0~ f1,0) = WQ
2n; nf )
< _ _ !
eXP|: s+1Q (s—l—l)z(s—l—Z)Q i|
. 1/s
max(iy, !
s=li—fil o= | DG (©6)
min(iy, f1)!
for the V-T processes, and
o (n5,0)"(n50)°
Pl — fi, L) = #G
2n; 2
X exp| — =G s G*
s+1 s+ D2(s+2)
. 1/s
s T _ max(iy, fi)!
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for the V-V processes. In Eqgs. (6) and (7) the potential-dependent
parameters Q and G are the following trajectory integrals*®—3°:
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InEqs. 8)and 9), 7 =r —r,, 0; = |Ei/ - Ey |/sh is the average
vibrationalquantum for the transitioni; — f;, (1 |F|0)§ =h/2myw;
is the frequency corrected squared matrix element of the transition
0— 1. Using Egs. (3) and (4), one obtains

Q(E, &, y, V10, @10, Y20, ¥20)

0’ cos? ¥ cos?
10 P10 (10)

46 sinhz[na)l/au}/(e, ¥, %o, @105 D20, 920)]

G(E, &, y, %0, @10, D20, 920) & €0S” D19 €08” @19 c08” B €OS” Pag
x [y (e, ¥y, %10, 10, V20, ¢20)05”/2]2l/wlwz[g/smh@)]z
& =m(w — w)/au (11)

In Egs. (10) and (11), 0’ =4n’wim/a’k, 0 =hw [k, and u =
J/(2E/m). Two different symbols, i.e., ¢ and 6 , are being used
throughout the paper for the rotation angle and the characteris-
tic vibrational temperature, respectively. The product uy can be
interpreted as an effective collision velocity. One can see that at
e=y=0,=¢;0=0 one has y =1, E=E, and Egs. (10) and
(11) coincide with the one-dimensional probabilities of the single-
quantum transitionsO — 1 and 1,0 — 0, 1, predicted by the SSH
theory.>*3° The difference between the present FHO-FR model and
the one-dimensionalSSH theoryresultis that Egs. (4), (10),and (11)
incorporate three-dimensional trajectories of rotating molecules as
well as the coupling of vibrational states during a collision.

III. Comparison with Trajectory Calculations

To verify the accuracy of the present model, it has to be com-
pared with three-dimensional semiclassical trajectory calculations
for the diatom-diatom collisions for the potential energy surface
given by Eq. (2). For this purpose we have used the computer codes
DIDIAV and DIDIEX developed by Billing.*** Both codes cal-
culate classical translational-rotatimal collision trajectories. The
main difference between the two codes is that DIDIAV uses the
FHO formalism,23* modified by Kelley,’! to evaluate semiclas-
sical vibrational transition probabilities of a frequency corrected
harmonic oscillator, whereas in DIDIEX the semiclassical proba-
bilities are evaluated by solving a set of coupled equations for the
time-dependentexpansioncoefficients of the vibrational wave func-
tion over a basis of stationary states of the molecules. Although the
second approach is certainly more accurate, the calculation time
using DIDIEX is about an order of magnitude longer. Both codes
give close results (within 10-30%) except for the multiquantum
V-T probabilities at high collision energies, for which the DIDIEX
predictions are preferred. Calculations were made for collisions of
two N2 molecules. The coupling matrix elements (i |7|i £ 1) used
by DIDIEX were calculated for the frequency-correctedharmonic
oscillator (i.e., with harmonic wave functions but anharmonic en-
ergy spectrum), with up to 10 states used for the vibrational wave-
function expansion. The frequency-corrected harmonic oscillator
approximation also implies that parameter w in the FHO-FR model
is evaluated as the average vibrational quantum of a transition,i.e.,
o =|E; — E;|/sh. The N, vibrational quantum, the anharmonicity,
and the equilibrium atom separation were taken to be w, =2359.6
cm™!, w,x, =14.456 cm™!, and r, = 1.094 A. The intermolecular
repulsive potential parameters used were A = 1730 eV and « = 4.0
A" (Ref. 19).

The calculation results are summarized in Figs. 2-7. We em-
phasize that in the present paper we will always compare the ab-
solute values of the analytic FHO-FR probability and numerical
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Fig. 2 Comparison of the analytic FHO-FR probability and the numerical DIDIAV probability of the V-T transition (1,0— 0,0) for N,-N, as
functions of the rotation angles 19; and 99,. The total collision energy is E=1000cm™ !, &, =¢; = %, b=0.
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Fig. 3 Comparison of the analytic FHO-FR probability and the numerical DIDIAV probability of the V-V transition (1,0— 0, 1) for N>-N; as
functions of the rotation angles 19; and 99,. The total collision energy is E=1000cm™ !, &, =¢; = %, b=0.
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Fig. 4 Comparison of the analytic FHO-FR probability and the numerical DIDIAV probability of the V-T transition (1,0 — 0, 0) for N>-N; both
averaged over the collision angles 1, 19;, ¢, and ,, as functions of the rotational energies £; and <,. The total collision energy is E =1000 cm~!

b=0.

probability, respectively, evaluated for two identical potential en-
ergy surfaces. We will also use the one-dimensional, collinear-
collision SSH probabilities PSS} (E) = (9'/40)sinh* (—rw /ou)
and Pt (E) = (¢u2w)” only as convenientscale factors. This pro-
cedure is more challenging than comparison of the two relative
probabilities (i.e., analytic vs numerical), both normalized on their
respective values at some reference point, which is commonly used

for validation of analytic rate models. For brevity, let us omit the

subscript 0 remembering, however, that from now on the angles
¥; and ¢; are always evaluated at the maximum interaction point.
Figure 2 shows the ratio of the three-dimensional FHO-FR V-T tran-
sition probability Py o (E, €1, &2, Y, U1, V2, @1, ¢2), given by Egs.
(4), (6), and (10), to the SSH probability P°f (E), as a function of
the rotation angles ¢}, ©%,. All other collision parameters were held
constantat E=10cm™, ¢, =9, =0,¢, =&, = é, y=0b%*/R2=0.
AlsoshowninFig. 2 is theratio of the DIDIAV transition probability,
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averaged over the collision angles ¥, ¥,, ¢1, and (,, as functions of the rotational energies £; and €,. The total collision energy is E =1000 cm™ °,

b=0.
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Fig.6 Comparison of the analytic FHO-FR probaility and the numer-
ical DIDIAV probability of the V-T transition (1,0— 0, 0) for N,-N,,
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of impact parameter b. €1 =€, = %

SSH
P1o 01 P 0,0
0.05 o1/Proo;
analytic (FHO-FR)
numerical (DIDIAV)
0.04
] £‘=52=1/6
0.03 1
frrmmel E=10° em™!
0.02 A
0.01 1 :
0.00 +—r—r—rT—
0.0 1.0 2.0 3.0

Impact parameter b, A

Fig.7 Comparisonofthe analyticFHO-FR probability and the numer-
ical DIDIAYV probability of the V-V transition (1,0— 0, 0) for N,-N,,
both averaged over the collision angles Y1, 19,2, 1, and (3, as functions

of impact parameter b. €1 =&, = %

evaluated for the same collision parameters, to the same factor
PSS (E). One can see that the FHO-FR probability peaks at
similar values of the rotation angles as the DIDIAV probability
=9 £ —0.257 vs ¥, =19, = —0.37). The optimum config-
uration for the V-T energy transfer is noncollinear. The maximum
probability, which exceeds Pt by more than three orders of mag-
nitude, is also predicted quite accurately (within a factor of two).
Figure 3 shows the ratios of the FHO-FR and DIDIAV V-V proba-
bilities Pg o;, calculated at the same conditions as in Fig. 2, to the
SSH probability PSSt (E). Both analytic and numerical probabili-
ties are maximum for the collinear configuration (¢, =9, =0), and
the maximum probability is predicted by the FHO-FR model with
accuracy of 20%. From Fig. 3 one can see that the analytic V-V
probability is zero for the perpendicular orientation of at least one
of the molecules at the point of maximum interaction (¢ = + /2
and/or ¥, = % 7 /2), while the numerical probability in these cases
can be different from zero. This illustrates that the free rotation ap-
proximation, which works well for the V-T processesinduced over a
small portion of the trajectory near the maximum interaction point,
is less accurate for the resonance V-V processes that occur over a
much longer portion of the trajectory [compare the integrals in Eqs.
(8) and (9)]. This “nonlocal” character of the resonance V-V energy
transfer makes it rather sensitive to the change of the orientation an-
gles caused by the forced (i.e., nonfree) molecular rotation during
the collision.

Figure 4 plots the ratios of the FHO-FR and DIDIAV V-T prob-
abilities Pio.00(E, €1, €2, ¥), averaged over the orientation and an-
gular momentum angles 9, ¥,, ¢;, ¢, € [—7/2, /2], to the SSH
probability P (E) , as a function of the dimensionlessrotational
energies &; = E, | /E and ¢, = E,,,/E. Once again, both proba-
bilities peak at about the same values of &, and &,, e, =&, =0.2,
and the maximum value is predicted within about 50% accuracy.
Note that 1) the most efficient value of rotational energy is within
the limits of applicability of the FHO-FR model ¢; + &, < % , given
by Eq. (5), and 2) the DIDIAV transition probability sharply drops
at &y + &, — 1, as discussed in Sec. II. The last result justifies
neglecting rapidly rotating molecule collisions (see Sec. II).

Figure 5 displays the ratios of the FHO-FR and DIDIAV V-V
probabilities Pyo 1 (E, €1, €2, y), evaluated at the same conditions
as in Fig. 5, to the SSH probability P>t (E) . One can see that the
analytic probability linearly decreases with rotational energy, while
the numerical probability at ¢, &, < % is weakly dependent on the
rotational energy. Again, this difference shows that the free rotation
approximationis less accurate for the resonance V-V processes than
for the V-T processes. As just discussed, the nonlocal character of
the resonance V-V energy transfer makes it sensitive to the change
of the angular momentum vectors due to the forced rotation dur-
ing the collision, which explains poor accuracy of the free rotation
approximationin this case.
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Figures 6 and 7 show the ratios of the FHO-FR and DIDIAV V-T
and V-V probabilities, averaged over the orientation and angular
momentum angles 9, ¥,, ¢, ¢, € [—m/2, w/2] to the SSH prob-
abilities Pyt (E) and PS>t (E), respectively, as functions of the
impact parameter b. Both figures show the probability ratios calcu-

lated at two collision energies E =10° and 10* cm™! atg, = &, = é
One can see that both V-T and V-V analytic probabilities are within
a factor of two of the numerical results, although the impact param-
eter dependence of the FHO-FR V-T probabilitiesis in much better
agreement with the trajectory calculations.This again shows that the
modified wave-number approximation, discussed in Sec. II, works
better for the “local” V-T processes than for the nonlocal resonance
V-V processes.

The fact that the ratios PFJIOFR /PSSH and PRV /P3SH both
greatly exceed unity at o, ©,, €1, &, # 0 (see Figs. 2 and 4) demon-
strates that noncollinear collisions of rotating molecules are much
more efficient for V-T energy transfer than head-on collinear colli-
sions of nonrotating molecules considered by the SSH theory. The
same effect, caused by the perturbation of the interaction potential
near the maximum interaction point by molecular rotation, has been
observedin atom-molecule collisions and discussed in Refs. 36 and
37.

Comparison of the two-quantum transition probabilities Py o9
and Py o2 with the trajectory calculationsby DIDIAV demonstrated
the same kind of agreement (i.e., between a few tens of percent and
a factor of two).

To compare the analyticand the numerical transition probabilities
as functions of only the total collisionenergy E, we numerically av-
eraged the probabilities Pyr(i;,0 — f1,0, E, &, y, 9, ¢;), given
by Eqs. (4), (6), and (10), and Pyy (i1, i» — fi, fo, E, &, Y, 1, ¢i),
given by Egs. (4), (7), and (11), over the values of rotational energy,
impactparameter, and orientationangles, using 10° pointsrandomly
chosenin phase space. The respectivenumerical transition probabil-
ities in a collision energy range E = 10>*—10° cm™! were obtained
by Monte Carlo averaging over 1000 randomly chosen trajectories
with the same value of E, which provided 10-20% accuracy. The
initial separation between a molecule and an atom was 15 A, and
the maximum impact parameter was 2.5 A.

Figure 8 compares the FHO-FR and the DIDIEX V-T probabili-
ties. One can see the remarkable agreementin the entire collisionen-
ergy range considered, both for single-quantum and multiquantum
processes,uptos = 5. Figure 9 shows that the agreementis also very
good for the V-T probabilitiesat high vibrational quantum numbers,
i ~ 40. To illustrate a breakdown of the one-dimensionalfirst-order
perturbationtheory (SSH theory), Fig. 9 also shows the SSH proba-
bility of the vibrational transition (40, 0 — 39, 0), which is in com-
plete disagreement with both the three-dimensional model (FHO-
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FR) and the trajectory calculations. Calculations using DIDIEX
are rather time-consuming, especially for multiquantum processes,
which require a large number of vibrational states in each molecule
for the wave-function expansion. Therefore the rest of calculations
has been performed using a simpler code DIDIAV. The difference
between the predictions of the two codes typically does not exceed
10-30%, except for the multiquantum quantum processes at high
collision energies (E > 10° cm™! for transitions (i, 0 — 0, 0) in
nitrogen), when the difference increases up to a factor of 2-3. At
these conditions the predictions of DIDIEX are considered to be
more accurate.

Figures 10-12 compare the FHO-FR and the DIDIAV V-V prob-
abilities. Again, the agreementis quite satisfactory both for the reso-
nance (Figs. 10 and 11) and nonresonance (Fig. 12) single-quantum
and multiquantum V-V processes. The SSH probability of the transi-
tion (40, 39 — 39, 40), showninFig. 11, completely disagrees with
both three-dimensionalmodels in the entire collision energy range,
which again illustrates that one-dimensional perturbation theories
are inapplicable for the high vibrational quantum numbers.

The results of the model validation calculations just discussed
demonstrate that the analytic FHO-FR formulas given by Egs. (4),
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(6), (7), (10), and (11) accurately predict the transition probability
dependenceon all collisionparameterssuch as total collisionenergy,
molecular orientation during the collision, rotational energies, and
impact parameter. The model is applicablein a very wide range of
collision energies and vibrational quantum numbers, as well as for
processes of transfer of many vibrational quanta. Thus, taking into
account 1) modulation of the interaction potential by the molecular
rotation which is assumed to be free, 2) nonzero impact parameters
collisions using the modified wave-number approximation, and 3)
many-state coupling using the FHO model, permits capturing the
principal mechanism of molecule-to-molecule vibrational energy
transferand gives an accuratethree-dimensionalanalyticrate model.

IV. Averaging the Probabilities and Discussion

To make the FHO-FR model useful for practical calculations, we
have to find the transition probabilities as functions of total colli-
sion energy E, that is to integrate the probabilities over the angles
9y, B2, @1, @2, the rotational energies €, and &,, and the impact pa-
rameter y. The multidimensional integral is evaluated by steepest
descent method, which typically introduces an integration error of

about 30-70%. Following the procedure,’”’ we first obtain the op-
timum configuration when the V-T probability at the given total
collision energy E reaches maximum:

V=0 =—n/4 @i =¢; =0, :
y* =0, y*=4/3/2 (12)

The location of the optimum configuration is in excellent agree-
ment with the predictions of the trajectory calculations (see Sec.
II1, Figs. 2, 4, and 6). The maximum probability for this optimum
configuration P (i;,0 — f;, 0)* is given by Eq. (6), where now

o =Y ( 2w ) 13)
20 P\ " A

The superscript * will denote the optimum configuration param-
eters through the remainder of this paper. One can see that zero
impact parameter collisions (y* = 0) are most efficient for the vibra-
tional energy transfer. However, the probability reaches maximum
foranoncollinearcollision (] = ©; = —m /4) of rotatingmolecules
(el=¢= é), when the angular momentum vector is perpendicu-
lar to the velocity vector v near the point of maximum interaction
(¢ = ¢ =0) (see Fig. 1). Expanding the probability of Eq. (6) in
a series near the optimum configuration point (12) and integrating,
one obtains

) (1)) (3)“( ou )“ _
P@i,,0 - f1,0,E, Q" < sthy ¥ —— 5 (Q%)*

* *
& =& =

(s1? T WS
2ng nf “
XGXP[—sHQ EETES I ] (14

where Q* is given by Eq. (13) and

s+ 1)(s+2 s +2
sth= SHDEFD ,/3” —1 (15)
2n, s+2

At Q* > sth, i.e., at the high collision energies, the procedure for
the probability integration becomes more cumbersome because the
optimum configuration of collision parameters, such as those given
by Eq. (12) is no longer unique (see discussion in Ref. 37).

Repeating this procedure for the V-V processes, we obtain the
optimum configuration, which in this case is collinear,

V=== ===y =0 y' =1 (16

Again, the location of this optimum configuration is in excellent
agreement with the predictions of the trajectory calculations (see
Sec.III, Figs. 3,5, and 7). The maximum probability for the optimum
configuration is given by Eq. (7), where

G*:<a_u>2 ! |:_5 i|2’ 5:M 17)
2 wiw; | sinh(§) au

Expansion the probability of Eq. (7) in a series near the optimum
configuration point (16) and integration over the angles, rotational
energies, and impact parameters, gives

P(iy, iy = fi, 2, E, G < sth)

_ 04+ Y27H (1) (n00)°

G* s
e rr G ¢
——
F(s)
2n, n?
. § G* . 5 G*Z 1
x eXp[ S+ 1 G+ D212 } (18)

where now

s+D)6+2) [ Bs+2
sth= SHDEFD SR (19)
2”3‘.1"3‘.2 s + 2
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Ats=1and G* < 1, Eq. (18) looks almost exactly as the expres-
sion for the one-dimensional SSH probability (1,0 — 0, 1) (Ref.
39) except for the factor F (1) = ﬁ This is the three-dimensional
steric factor that describes the V-V probability reduction caused by
noncollinear orientation, molecular rotation, and nonzero impact
parameter collisions. Again, at the high collision energies, such as
G* > 5™ nonuniquenessof the optimum configuration substantially
complicates the analysis. The complete closed-formexpressions for
the V-T and V-V probabilities that span both low and high collision
energies, such as obtained for atom-molecule collisions in Ref. 37,
will be given in our next publication.

Thermally averagedrelaxationrate coefficients can be determined
by averaging of the transition cross sections over the Boltzmann
distribution**:

k(i iz = fi, f.T) <>/w (E) ( E)d(E>
1,1 , 2, = (u o expl — = -
1,82 1 2 o T T
= nRg(u)/w <£_>3P(E) exp(— E) d<£_> (20)
0 T T T

In Eq. (20), (u) = (8kT /mm)"/? , E=E + AE/2 4+ (AE)?/16E
is the symmetrized collision energy,””> AE is vibrational energy
defect, o (E ) is the cross section, and P(E ) is the transition prob-
ability. The factor 7 R? - (E/T)* in the expression for the cross
section appears as a result of integration over the values of or-
bital kinetic energy (or orbital angular momentum) and two ro-
tational energies (or rotational angular momenta).*> The maxi-
mum interaction distance Ry is found as U(Ry) =kT, Ry=2.5A
at T ~ 10* K. Then the effective cross section for elastic colli-
sions is (o)) =kea(T)/(u) =37 RZ =~ 60 A2, and the gas kinetic
collision frequency is Z = 37 R%(u).

Evaluation of the integral in Eq. (20) using the V-T probability
(14) yields

. 9 om0\ [ Ts? g
k(i,,0 — fi,0, T)_ZE TW(E) (T)
3 o's? 3
X eXpy — =
{ 2|:(3/2)Ti| }
2n, [ o T
X exp —s_i_lexp ~3 %sT
Tt et P TLET
G PR i % Q1)
P\ ) T AT o

The last exponential factor in Eq. (21) originates from the sym-
metrization of collision energy in Eq. (20). Following the pro-
cedure suggested in Ref. 42, we evaluate the rates of exother-
mic processes. The endothermic rates can be found simply as
kendo = kexo - €xp(—0s/T). Equation (21) is valid only if T < Tth,
where T'th is the threshold temperature that corresponds to the
“switching” from the unique to the multiple optimum configura-
tion regime (see Ref. 37),

20’

th= ————— (22)
33 670 /35th 6]

The values of the threshold temperature for N,-N, collisions, given
by Eq. (22), change from T'th = 11,000 K for the transition 1 — 0-
T'th=1300K for the transition40 — 39. More elaborateintegration
is needed to obtain the closed-form analytic V-T rates at higher
temperatures.

Integration of Eq. (20) using the V-V probability of Eq. (18) at
& =0 (for the resonance V-V processes) yields

(1+1/27H* (s +3)!
25+8(s 4+ 1)2 31

F(s)

s s+4
(ns'.l)AY (nx.Z)AY (¥2kT 2”3‘.1”3‘.2 (¥2kT
1 1 F (s
x (s)? <2ma)2 + s+ 1 (Y)mez

(23)

One can see that the thermally averaged three-dimensional steric
factor for single-quantum V-V exchange in Eq. (23), F(1) = é,
is different from the value obtained by the modified SSH theory,
é (Ref. 24), and changes with the number of transmitted quanta s.
Integrationat £ # 0 becomes less straightforwardand requires addi-
tional analysis, which we intend to complete in our next publication.

Equation (23) is valid if T < T'th, where T'th is given by

k(iy, iy > 0,0, T)=Z

Tth = 2mw?/a2k)sth (24)

For N,-N, collisions, 7Tth = 4000 K for the transition 10, 9 — 9, 10
but drops to only 7th=250 K for the transition 40, 39 — 39, 40.
Again, more elaborate integration is needed to obtain the closed-
form analytic V-V rates at higher temperatures.

Although the complete analytic FHO-FR V-T and V-V rate ex-
pressions are not yet available, we compared the rates coefficients
obtained by numerical integration of the analytic FHO-FR V-T
probabilities given by Egs. (6),(10), and (20) and V-V probabili-
ties given by Egs. (7),(11), and (20) over all collision parameters,
with trajectory calculations for N,-N,. Figures 13 and 14 show
that the results are in remarkably good agreement in the tempera-
turerange of 200 < T < 10,000 K and vibrational quantum number
range 0 < i < 40. Although multiquantum FHO-FR rate coeffi-
cients are not shown, comparison of the probabilitiesin Figs. 8-12
leaves no doubt that the agreement is equally good.

Finally, the FHO-FR model predictions for O,-O, relaxation
rates have been compared with 1) experimental data,~® 2) three-
dimensional semiclassical calculations by DIDIAV using the po-
tential energy surface,?’ which takes into account the long-range
dispersion and quadrupole-quadrupole interaction terms, and 3)
three-dimensionalquantumcalculationsusing ab initio potential en-
ergy surface,' rather than the simplified atom-to-atom potential 2
Analytic FHO-FR relaxationrates have been evaluatedusing Eq. (3)
with @ =4.0 A~', which has been determined in Ref. 20 from the
best fit of the short-range potential energy surface to ab initio data.
The results, shown in Fig. 15, again demonstrate good agreement
between experimental data, analytic model, and three-dimensional
calculations.
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V. Summary

Analysis of classical trajectories of free-rotating symmetric di-
atomic molecules acted upon by a repulsive potential allow ex-
tending a three-dimensional semiclassical nonperturbative analytic
model of vibrational energy transfer (FHO-FR model) to molecule-
molecule collisions. The model takes into account the following
coupled effects: 1) interaction potential modulation by free rotation
of arbitrarily oriented molecules during a collision, 2) reduction of
the effective collision velocity in nonzero impact parameter colli-
sions of rotatingmolecules, and 3) multistate couplingin a collision.

The FHO-FR model predictions have been compared with close-
coupled semiclassical trajectory calculations using the same po-
tential energy surface. The comparison demonstrates not only very
good agreement between the analytic and numerical probabilities
across a wide range of collision energies, but also shows that the
analytic model correctly reproduces the probability dependence on
other collision parameters such as rotation angles, angular momen-
tum angles, rotational energies, and impact parameter. The model
equally well predicts the cross sections of single-quantumand mul-

tiquantum V-T and V-V transitions and is applicable up to very
high collision energies and quantum numbers. The resultant ana-
lytic expressions for the probabilities do not contain any arbitrary
adjustable parameters commonly referred to as steric factors. The
results obtained in the present paper can be used for calculations of
the state-specific V-T and V-V relaxationrates in collisions of sym-
metric or nearly symmetric molecules such as N,-N,, 0,-0,, and
N,-0,. Thus, the present paper essentially completes development
of the analyticrate databasefor vibrationalenergy transferamong air
species, increasing the range of applicability of the FHO-FR model.
(Previousresults®” are applicablefor N,~Ar, O,~Ar, N,~-He, and O,-
He V-T relaxation.) It remains an open question, however, whether
the approach used here is applicable for calculations of vibrational
energy transferrates induced by the long-range multipole-multipole
interaction, such as occurs in CO-CO and CO-N, collisions.

The FHO-FR model provides new insight into kinetics of vibra-
tional energy transfer and provides analytic expressions for state-
specific transition probabilities and rate coefficients, applicable in
the wide range of collision energies and temperatures that can be
easilyincorporatedinto existingnonequilibriumflow codes. Closed-
form analytic expressions for the V-T and V-V rates valid in a wide
range of collision energies will be completed and published in the
near future.
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